For the differential equation u t Au t f t , t ≥ 0 on a Hilbert space H, we find the necessary and sufficient conditions that the above-mentioned equation has a unique almost periodic solution. Some applications are also given.
Introduction
In this paper we are concerned with the almost periodicity of solutions of the differential equation where A is a linear, closed operator on a Hilbert space H and f is a function from R to H. The asymptotic behavior and, in particular, the almost periodicity of solutions of 1.1 has been a subject of intensive study for recent decades; see, for example, 1-5 and references therein. A particular condition for almost periodicity is the countability of the spectrum of the solution. In this paper we investigate the almost periodicity of mild solutions of 1.1 , when A is a linear, unbounded operator on a Hilbert space H. We use the Hilbert space AP R, H introduced in 4 , defined by what follows. Let ·, · be the inner product of H, and let AP b R, E be the space of all almost periodic functions from R to H. The completion of AP b R, E is then a Hilbert space with the inner product defined by f, g : lim
F s e −iλs ds.
2.8
Let T → ∞, and note that F t is bounded, we have 2.7 . If λ 0, then a 0, f lim
which also satisfies 2.7 .
Finally, for a linear, closed operator A in a Hilbert space H, we denote the domain, the range, the spectrum, and the resolvent set of A by D A , Range A , σ A , and A , respectively.
Almost Periodic Mild Solutions of Differential Equations
We now turn to the differential equation
First we define two types of solutions to 3.1 . International Journal of Differential Equations 2 A function u is a classical solution of 3.1 , if u t ∈ D A , u is continuously differentiable, and 3.1 holds for t ∈ R.
Remark 3.2. The mild solution to 3.1 defined by 3.2 is really an extension of classical solution in the sense that every classical solution is a mild solution and conversely, if a mild solution is continuously differentiable, then it is a classical solution.
If A is the generator of a C 0 semigroup T t , then a continuous function u : R → E is a mild solution of 1.1 if and only if it has the form see 7
We now consider the almost periodic mild solutions of 3.1 . The following proposition describes the connection between the Bohr transforms of such solutions and those of f t . 
3.5
Here we used the fact that b a Au t dt A b a u t dt for a closed operator A. It is easy to see that
and, applying integration by part for any integrable function g t , we have
3.7
International Journal of Differential Equations 5 Using 3.7 for g t u t and g t f t in 3.5 , respectively, we have
e −iλt f t dt
3.8
where
as T → ∞;
as T → ∞, and
3.11
International Journal of Differential Equations and from 3.11 , we have
3.13
Since A is a closed operator, from 3.12 and 3.13 we obtain a λ, u ∈ D A and Au λ, u iλa λ, u − a λ, f , from which 3.4 is followed.
3.14
Again, since A is a closed operator, it implies a a, u ∈ D A and Au 0, u −a 0, f , from which 3.4 is followed, and this completes the proof.
Note that Proposition 3.3 also holds in a Banach space. We are now going to look for conditions that 3.1 has an almost periodic mild solution. 
3.17
It is then easy to find their norms:
From 3.15 it implies that u N → u and u N → v as N → ∞ for some function u and v in the topology of AP R, H . Since the differential operator is closed, we obtain u ∈ W 2 , u v and lim N → ∞ u N u in the topology of W 2 AP . Hence, u is almost periodic. It remains to show that u is a mild solution of 1.1 . In order to do that, note u N is a classical solution of 3.1 , and hence, a mild one, that is,
For each t ∈ R, we have 
3.21
Since A is a closed operator, we obtain which shows that u is a mild solution of 1.1 and the proof is complete.
Note that if condition ii in Theorem 3.4 holds, 3.1 may have two or more almost periodic mild solutions. We are going to find conditions such that for each almost periodic function f, 3.1 has a unique almost periodic mild solution. We are now in the position to state the main result. Next, for any x ∈ H and λ ∈ M, put f t e iλt x, then u t e iλt 2kπi − A −1 x is the unique almost periodic solution to 3.1 , that is, u Lf. Using the boundedness of operator L, we obtain
International Journal of Differential Equations 9 which implies
for any x ∈ E and any λ ∈ M. Thus, 3.33 holds.
ii
3.29
By Proposition 3.3, 3.1 has an almost periodic mild solution in W 2 AP |M . That solution is unique, since its Bohr transforms are uniquely determined by a λ, u iλ − A −1 a λ, f for all λ ∈ M.
We can apply Theorem 3.5 to some particular sets for M. First, if M R, we have the following. 
Application: A C 0 -Semigroup Case
If A generates a C 0 -semigroup T t t≥0 , then see 7, Theorem 2.5 , mild solutions of 3.1 can be expressed by
for t ≥ s. If f is a 1-periodic function, then it is easy to see that the above solution u is 1-periodic if and only if u 1 u 0 . Hence, to consider 1-periodic solution, it suffices to consider u in 0, 1 and in this interval we have
We obtain the following results, in which we show the Gearhart's theorem the equivalence iv ⇔ v with a short proof. Proof. The equivalence iii ⇔ iv is shown in Corollary 3.7, i ⇔ ii can be easily proved by using standard arguments, i ⇔ v has been shown in 8 , and ii ⇒ iii is obvious. So, it remains to show the inclusion iii ⇒ ii . Let f be any function in W 1 2 1 and let u t be the unique mild solution of 3.1 , which is in W 1 2 1 . Since for each f ∈ W 1 2 1 , the function g t : t 0 T t − s f s ds is continuously differentiable and g t ∈ D A for all t ∈ 0, 1 see 9 , to show u is a classical solution, it suffices to show u 0 ∈ D A .
From the above observation and from formula 4.2 , the function t → T t u 0 u t − t 0 T t − s f s ds is differentiable almost everywhere on 0, 1 . It follows that T t u 0 ∈ D A for almost everywhere t since t → T t x is differentiable at t 0 if and only if T t 0 x ∈ D A . Hence, T 1 u 0 ∈ D A . By formula 4.2 , u 1 , and thus, u 0 u 1 , belongs to D A . The uniqueness of this 1-periodic classical solution is obvious and the proof is complete.
